Abstract. Let D be a non-commutative division ring, m and n two natural numbers, M a maximal and N a subnormal subgroup of GL m .D/. In this paper, among other results, we show that: (1) if N is an n-Engel group, then it is central; (2) if m > 1 and M is locally nilpotent, then M is abelian; (3) if m > 1 and M is n-Engel, then the Hirsch-Plotkin radical of M is abelian. Also, we define some generalized Engel conditions on groups, and then we prove similar results, as quoted, for these groups.
Introduction
Let G be a group. For x; y in G, define .x; 1 y/ WD .x; y/ D x 1 y 1 xy; .x; nC1 y/ WD ..x; n y/; y/:
We say that G is an Engel group if for each x; y 2 G there exists an integer n D n.x; y/, depending on x and y, such that .x; n y/ D 1. If for some positive integer n the identical relation .x; n y/ Á 1 holds for all elements x and y of the group, we call the group n-Engel. A group is called weakly nilpotent if every two elements generate a nilpotent group. It is clear that every nilpotent group is n-Engel for some natural number n, and hence every weakly nilpotent group is an Engel group. At the same time, every locally nilpotent group is weakly nilpotent; but there exist weakly nilpotent groups that are not locally nilpotent (see [10] ). However, the problem of whether or not every Engel group is weakly nilpotent remains open. There are many papers with conditions that force an Engel (n-Engel) group to be locally nilpotent. For example, Gruenberg showed that every solvable Engel group is locally nilpotent [12] . An interesting result due to Suprunenko and Garaščuk in [23] asserts that every linear Engel group is locally nilpotent. But Engel skew linear groups are very complicated to deal with; the general background of Engel skew linear groups can be found in [22, Chapter 3] .
Let D be a division ring and let N be a subnormal subgroup of D , the multiplicative group of D. In [15] , Huzurbazar showed that if N is weakly nilpotent, then it is central. So, the following question may be interesting: The purpose of the first theorem is to give an affirmative answer to the weaker version of this question: If N is n-Engel, for some natural number n, then it is central. This is a generalization of a result of Amberg and Sysak which asserts that if D is n-Engel, D is a field [ If N is n-Engel, for some natural number n, then it is central.
As noted above, we do not know whether the previous results can be extended from n-Engel groups to Engel groups. However we have the following result: Theorem 1.3. Let D be a locally finite-dimensional division algebra over its center. Then, for any natural number m, every Engel subnormal subgroup of GL m .D/ is central. Now, let us introduce some generalized Engel groups.
Definition. We say that G is a left-generalized Engel group if for all pairs x; y of elements of G there exist natural numbers k D k.x/ and n D n.x; y/ such that
If k can be chosen independently of x, then we call G a left-bounded generalized Engel group. In a same way, if G satisfies
where k D k.y/ and n D n.x; y/, then it is called a right-generalized Engel group, and if k can be chosen independently of y, then G is a right-bounded generalized Engel group.
We see from the definition that every torsion group is left-generalized (rightgeneralized) Engel. On the other hand, every finite Engel group is nilpotent by a famous result of Zorn. Thus, the set of all Engel groups is properly contained in the set of all left-generalized (right-generalized) Engel groups. However we have: (ii) If N is a left-bounded (right-bounded) generalized Engel group, then N is central.
Our next observation is about maximal subgroups of skew linear groups; these groups have been studied in a series of papers, see, e.g., [1, 7, 16, 17] . In [7] , it was shown that if D is an infinite division ring and m is a natural number, then every nilpotent maximal subgroup of GL m .D/ is abelian. Now, we would like to know whether or not an Engel maximal subgroup of GL m .D/ is abelian. Recently, it was shown in [5] that if D is a non-commutative division ring and m > 1, then every soluble maximal subgroup of GL m .D/ is abelian. In the next theorem we extend this result as follows: Let R be an F -algebra. We say that a subset S of R is algebraic, if every element of S is algebraic over F . 
For a given ring R, the group of units of R is denoted by R . Let S be a subset of R, then the centralizer of S in R is denoted by C R .S/.
For the proof of Theorem 2.1, we require the following two lemmas. 
Hence
Some skew linear groups with Engel's condition 533 and all coefficients are in P .b/. Since f was minimal, b r D 1. Therefore, P .b/ is a finite field. Thus x and, by symmetry, y are algebraic over the finite field P .b/.
it is easily seen that K is closed under both addition and multiplication. Hence, K is a finite division ring, therefore, by Wedderburn's theorem, a field. Since b ¤ 1, this is a contradiction. Lemma 2.2. Let D be a division ring and let N be a bounded Engel subnormal subgroup of D . If there exist x and y in N such that .x; y/ ¤ 1, then there is no nontrivial commutator in H WD hx; yi that commutes with both x and y.
Proof. Suppose, to the contrary, that 1 ¤ c WD .a; b/ commutes with both x and y where a;
Proof of Theorem 1.1. Assume that N is non-abelian. Note that if Z.D/ is infinite and D is infinite dimensional over Z.D/, then N cannot satisfy any group identity unless it is central, by a theorem of Chiba [3] . Combining this and the result of [23] , it is enough that we consider the case where Z.D/ is finite. Now we can choose an element x 2 N n Z.N / of infinite order: otherwise, since Z.N / Â Z.D/, we conclude that N is periodic, and so N is central by a theorem of Herstein [14] . Set
which is the multiplicative group of a division subring of D whose center Z.D 1 / is infinite. If D 1 is finite dimensional over Z.D 1 /, then N 1 as an n-Engel linear group is abelian by [23] . Otherwise, as N 1 satisfies a group identity, again it must be abelian by [3] . Furthermore, there exists an element y 2 N n N 1 such that .y; x; x/ D 1. Then .y 1 xy; x/ D 1 and so y 1 xy 2 N 1 . Hence
In particular, y normalizes N 1 and so the subgroup H WD hx; yi of N is metabelian and simultaneously n-Engel. Therefore this subgroup is nilpotent by [12] . Now by considering the lower central series of H , we see that there exists a nontrivial commutator in H that commutes with both x and y; this contradicts Lemma 2.2. Therefore, N is abelian and hence central.
Proof of Theorem 1.3. Let N be an Engel subnormal subgroup of GL m .D/. Then it coincides with its Hirsch-Plotkin radical by [22, Corollary 3.5.7] , and so N is locally nilpotent. The result follows from [15] .
In order to prove Theorem 1.4 we need some observations. An element x of a group G is called a right Engel element if for each g in G there is a positive integer n D n.x; g/ such that .x; n g/ D 1. Left Engel elements are defined in a similar fashion. If x 2 G and for each g in G there exists an integer n D n.x; g/ such that .g; n x/ D 1, then x is a left Engel element of G. Let R.G/ and L.G/ denote the sets of right and left Engel elements respectively. Note that it is not known as to whether these subsets of G are actually subgroups of G.
Denote by Á.G/ the Hirsch-Plotkin radical of G, and by .G/ the hypercentre of G. We emphasize that both Á.G/ and .G/ are normal locally nilpotent subgroups of G. In order to prove Theorem 1.5, we need the following lemmas. 
, M is absolutely irreducible. We prove this case by similar methods to those used in the proof of [5, Theorem 3.6] . Since M is a locally soluble absolutely irreducible skew linear group, by [24] , it is abelianby-locally finite. Let N be a maximal abelian normal subgroup of M such that M=N is locally finite, and hence, by Lemma 2.6, N is noncentral. We claim that Now, to complete the proof of the simplicity of M=N , it is enough to verify that A D M . To do so, given x 2 M , there exists a subgroup H with K Â H Â A such that H=K is finite and x 2 KOEH . Also, it is easily seen that .KOEH ; K; H; H=K / is a crossed product central simple algebra with center E, say. Setting C D KOEH , the Skolem-Noether theorem gives us H=K Â N C .K/=K ' Gal.K=E/. Therefore, by the Centralizer Theorem in [6] we have [19, 12.5.1] ). This also implies that
and hence OED W F is finite by [1, Lemma 6] . Finally,
i.e., m D 1. By this, we reduce to the second case. Proof of Theorem 1.6. If D is an infinite field, then M is abelian by [1, Theorem 10] . Assume D is non-commutative. Since GL 2 .Z 2 / and GL 2 .Z 3 / are not nilpotent, the proof of Theorem 1.5 shows that M must be abelian.
Proof of Corollary 1.7. If M is an Engel maximal subgroup of GL m .D/, then M is locally nilpotent by [22, Corollary 3.5.7] , and so the result follows from Theorem 1.6.
The following lemma, which will be used in the proof of the next theorem, may be known; we include it and its proof for the sake of completeness. Lemma 2.9. Let R be an algebraic algebra over a field F , and let I be an ideal of R. If R satisfies a group identity, then .R=I / also satisfies the same identity.
Proof. Let N W R ! R=I be the canonical homomorphism and N a 2 .R=I / where a 2 R maps to N a. We want to find an element u 2 R such that N u D N a. Since R is algebraic, there exists an integer n and an element b of R such that a n D a nC1 b and b is a polynomial in a with coefficients in F . It is not hard to see that a n D a n b n a n since ab D ba. Let e D a n b n . We have e 2 D e, ea D ae, a n D ea n D a n e. So N a n D N a n N e and N e D 1 since
This shows that u is not a left zero divisor. So u is a unit since R is algebraic.
Proof of Theorem 1.8. If M is a maximal subgroup of GL m .D/ which is not absolutely irreducible, then M D F OEM , where R WD F OEM is the F -algebra generated by elements of M over F D Z.D/. Let R 1 WD R=J.R/, where J.R/ is the Jacobson radical of R. We claim that R 1 is commutative. Since every J -semisimple ring is a subdirect product of primitive rings, we may by Lemma 2.9 assume, without loss of generality, that R 1 is a primitive ring. Thus there exists a division ring D 1 such that either for a natural number s we have R 1 ' M s .D 1 /, or for every natural number t, M t .D 1 / is a homomorphic image of some subring of R 1 . By virtue of Lemma 2.9 and Corollary 1.2 we conclude that D 1 is a field and R 1 ' D 1 is commutative, as claimed. Now, by [2, Theorem B], R satisfies a polynomial identity. If dim F D < 1, then M as a linear n-Engel group is nilpotent and hence abelian. So we may assume that D is of infinite dimension over F , and so, R is simple by [16, Lemma 4] . Thus R is primitive and from Kaplansky's theorem [20, p. 36] we have that R ' M t ./ for some division ring . This implies that M ' GL t ./ is n-Engel; from this we deduce that M is abelian.
Proof of Theorem 1.9. We may assume D is non-commutative by Corollary 1. In each of the cases (ii), (iii), and (iv) of Lemma 2.10, Q is non-abelian, while F OEQ Â F OEG Â M implies that the multiplicative group of the division ring F OEQ is n-Engel; hence it is abelian. This contradiction shows that the case (i) of the theorem must occur, i.e., M=GF is abelian. This gives us that M 0 Â GF is nilpotent. Therefore M is soluble. Now, if F OEM ¤ D, by [5, Theorem 3.7] M is abelian. Thus let F OEM D D. Then [5, Theorem 3.6] implies that dim F D < 1, which implies that M is abelian.
We close this paper by proving our final theorem.
